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This  pape r  gives express ions  for  the mean  values  of the quanti t ies  cha rac t e r i z ing  random psuedo-  
turbulent  pulsat ions  in a monod i spe r se  suspension of solid spher ica l  pa r t i c l e s  at smal l  Reynolds numbers .  
I t  d i scusses  the effect  of these  pulsat ions on the effect ive hydraulic  r e s i s t a n c e  exer ted  by the pa r t i c l e s  on 
the ca r ry ing  s t r e a m  of liquid. The p a r a m e t e r s  cha rac t e r i z ing  the random chaotic motion (psuedo- turbu-  
lence) of the phases  in local ly homogeneous flows of a suspension of fine pa r t i c l e s  have been calculated 
e a r l i e r  in [1, 2]. However,  the re la t ionships  obtained in these  a r t i c l e s  a r e  in need of a ce r ta in  degree  of 
ref inement;  this  is  bound up with the re f inement  [3] of cer ta in  r e su l t s  of the spec t r a l  theory  of the concen-  
t ra t ion  of d i spe r se  s y s t e m s  which were  used in [1, 2], and with a m o r e  c o r r e c t  determinat ion of the func- 
tion cha rac t e r i z ing  the effect  of the cons t r ic t ion  of the flow around the pa r t i c l e s  on the force  of the v iscous  
in terac t ion  of each of the pa r t i c l e s  with the liquid. Such a re f inement  is  p roposed  in the p re sen t  a r t ic le .  
The fo rmu la s  p resen ted  below can be used in evaluation of the coeff icients  of psuedo- turbulen t  t r ans fe r ,  
of the fluctuations of the ve loci t ies  of the liquid and the pa r t i c l e s ,  and of other  quanti t ies  cha rac te r i z ing  
the local s t ruc tu re  of a suspension.  

1. We shall  formula te  the pr incipal  postulat ions used  in what follows. F i r s t  of all,  we a s sume  that  
the Reynolds number ,  which desc r ibes  cons t r i c ted  flow around individual pa r t i c l e s ,  i s  smal l .  In this case ,  
the flow of the suspension i s  local ly  homogeneous in the sense  that,  in the flow, the re  is  no format ion  of 
l a r g e - s c a l e  fluctuations of  the concentrat ion,  and the pa r t i c l e s  t h e m s e l v e s  m a y  be r e g a r d e d  as s ta t i s t i ca l ly  
independent, neglect ing the i r  indi rec t  col l is ions [1, 2]. In addition, we a s s u m e  that the sca les  of the change 
in the mean values  of the quanti t ies cha rac te r i z ing  the mean motion of the suspension exceed by far  the 
cor responding  sca les  of the pseudo- turbulen t  pulsat ions.  This p e r m i t s  regard ing  the pseudo- turbulence  
as  "equil ibr imn,  n i .e . ,  neglect ing the effect  of the der iva t ives  of the above quanti t ies with r e spec t  to the 
coordinates  and the t ime on the pulsat ions.  In the l imit ,  when these  de r iva t ives  a r e  equal to zero ,  the m o -  
tion may  be in t e rp re t ed  s imply  as the f i l t ra t ion of a liquid through a cloud of pa r t i c l e s  which, on the a v e r -  
age, a r e  mot ion less  at a cer ta in  constant  r a te ,  u f ,  and this can be r ega rded  as  the s imples t  model  of a 
fluidized bed. In this case ,  the equations for  the mean motion have the f o r m  

( 1  - -  p) (--  Yp + dog ) - -  do~pg (p)u = O, (1.1) 

u t  = ( i  - -  p )  u 

- -  Vp + dag + do[~K(p)u = 0, [~ = 9vo / 2a~, Vo = ~to / do 

Here  do,/~0 a r e  the densi ty and the v i scos i ty  of the liquid; a ,  d 1 a r e  the radius  and the densi ty  of m a -  
t e r i a l  of the pa r t i c l e s ;  g is  the acce le ra t ion  due to gravi ty;  p is  the vo lumet r ic  concentrat ion of pa r t i c l e s  
in the sys t em,  while the function K (p) de sc r ibe s  the deviation of the effect ive v iscous  force  act ing on a 
par t ic le ,  under  cons t r i c ted  flow conditions, on the Stokes force;  K (0) = 1. F o r  s implif icat ion,  we neglect  
a l so  the effect  of v iscous  s t r e s s e s  in the liquid phase  on the development  of pseudo- turbulen t  pulsat ions;  
as is c l ea r  f r o m  [1, 2], this  does not lead to any substant ia l  change in the resu l t s  obtained. 

With the above assumpt ions ,  we can wri te  the following re la t ionships  for  the spec t r a l  m e a s u r e s  of 
the pseudo- turbulen t  pulsat ions of the p r e s s u r e  p ' ,  the veloci t ies  of the liquid v ' ,  and the pa r t i c l e s  w T, 
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and the concen t r a t i on  p ' ,  which f igure  in the r e p r e s e n t a t i o n s  of the above 
pu lsa t ions  in the f o r m  of F o u r i e r - S t i e l t j e s  i n t e g r a l s  [2] 

dZp ~- O, dZv ~q-_ukp k ~k dZp, (1.2) 

dZ w = ( d l n  K u c o + u k  k )  
k dp + ~ _ ~  ~ dZ~ 

where  r and k a r e  the f r e q u e n c y  and the wave vec to r .  Re la t ionsh ips  (1.2) 
p e r m i t  e x p r e s s i n g  the d i f ferent  s p e c t r a l  dens i t i es  c h a r a c t e r i z i n g  p s u e d o -  
turbulent  mot ion  in t e r m s  of the s p e c t r a l  dens i ty  r~p,p of  a r a n d o m  p r o c e s s ,  
p ' ,  and then, us ing  the d e t e r m i n e d  r e p r e s e n t a t i o n  for  kOp,p, f inding the c o r -  
re la t ion  funct ions  by the s t anda rd  me thod  (the expanded e x p r e s s i o n s  fo r  the 
s p e c t r a l  dens i t i e s  a r e  given in [2]). 

As ~ p , p ,  we h e r e  use  the function [3] 

xI"p ~ (t0, k)  = kDk d~p,~ (k) tr D 
, ~ co 2 -~- (kDk - -  Too2)~ , To = <w,2> ( 1 . 3 )  

/ ~ V' t ~ (~----~,)Y(ko--k), ~0=~ ~-V-] a qbp,~(k)__ 4~ k0 ~ 

whe re  D is  the t e n s o r  of the coef f ic ien t s  of the p suedo- tu rbu l en t  diffusion of  the p a r t i c l e s ;  p ,  i s  the c o n -  
cen t r a t ion  of  the p a r t i c l e s  in the dense ly  packed  s ta te ;  Y (x) is  a Heav i s ide  function. 

To d e t e r m i n e  K (p) we use  the r e s u l t s  of e x p e r i m e n t s  on de te rmina t ion  of  the hydrau l i c  r e s i s t a n c e  
of a bed of  m o t i o n l e s s  p a r t i c l e s .  We h e r e  a s s u m e  that ,  in such expe r imen t s ,  t he re  i s  usua l ly  d e t e r m i n e d  
the quant i ty  Ke (p), en t e r ing  into the equation 

- -  VP + dog - -  do~3pKe (p)ul = 0 (1.4) 

Comparing (1.4) with the first equation of (i.i), we have 

K(~) = (t  - -  p)~K~ (p) ( 1 . 5 )  

F o r  d e t e r m i n a c y  we use  the e m p i r i c a l  f o rmu la  of  Ergun  [4] 

Ke (p) = ~5/ap (i -- p)-3 (1.6) 

which holds with p > 0 .2-0 .3 .  To extend the e x p r e s s i o n  for  K(p) ,  fol lowing f r o m  (1.5), (1.6), to  the reg ion  
p < 0 .2-0 .3 ,  we fu r t he r  a pp rox i m a t e  this  e x p r e s s i o n  by the function 

2.96 (i. 7) K (p) ---- (l -- p)l ~3" --  1.96 

The funct ion (1.7) a p p r o x i m a t e s  the above e x p r e s s i o n  suff ic ient ly  well  at p >0 .2 -0 .3  and, at  p = 0, r e -  
v e r t s  to unity.  We use  it  a l so  in ca lcu la t ions  of  the m e a n  p seudo - tu rbu l en t  va lues  below; fo r  p ,  we use  the 
value  p ,  = 0.6 
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2. The nequiIibrittmn pseudo- turbulence  under considera t ion is  obviously a x i s y m m e t r i c ;  the axis of 
s y m m e t r y  is d i rec ted  along the vec tor  u. Selecting the coordinate  axis x 1 along u, and using the method of 
[1], for  the coeff icients  of the pseudo- turbulent  diffusion of the pa r t i c l e s ,  we obtain the equations 

D I =  'l..-f."(~ p (+}V,(t  - p ] ' h ( j , ~ _ j 4 ) V ,  a u  " 
Tko t - -  p , ~ , /  

1 
,,fs f tndt 

D 2 = Ds = IVDD 1 = ~ D1, d .  = t 2 + Tz 
o 

here  y is  the sole root  of the equation 

2___ff~_._ Js - - S ,  l ---- (1 - -  p) d l n K  
t @ Z 2 = l~do + 2lJ~ + d4 ' dp 

(2.1) 

(2.2) 

The dependences of the quantit ies D ~ = D l / a u  and N D on p, calcula ted in accordance  with (2.1) and 
(2.2), a r e  shown in Fig. 1 and Fig. 2, r e spec t ive ly  (curves 1). The value of D~ is  found to be less ,  and the 
value of N D g r e a t e r  than the values  calcula ted in [1]. 

F o r  the mean  squa res  of the components  of the pulsat ion ve loc i ty  of the pa r t i c l e s ,  on the bas i s  of 

(2.3) 

(1.2), and (1.3) we use  the usual  method to obtain the express ions  

<Wl '2 )=q~  l~ + W l  + t +  t + 2 N  D 

'2 i ' - ~ (  i + 4 N D  
(W2 ' 2 ) =  (W3 '~> : N w ( w  1 > = t J7 t + 2 N  D 

<wt2>u ~ ") U 2 

<w'2>u s ) 113 

2 (p -1 

The dependences of (w1'2) * =u  -2 (wt '2) and N w on p, obtained f rom (2.3) at  ND~ 0, a r e  also shown in 
Fig. 1 and Fig. 2 (curves 2). These  values  a r e  v e r y  c lose  to those calcula ted in [2] ove r  a lmos t  the whole 
region 0 <p < 0.6, but they do not r e v e r t  to infinity in the neighborhood o f p  =0.6. The distr ibution functions 
of the quantifies (w! 2) in the "equi l ibr ium" s ta te  under considera t ion  a re  Gaussian functions with va r i ances  
following f rom (2.3) .3 

Finally,  we give expres s ions  for  the other  pseudo- turbulen t  c h a r a c t e r i s t i c s  which a re  of in te res t .  
We have 

( l+S /aN D -]- 2N D u' (v l  '2) = -2 5- 1 + u~ 

(1)2 '2) = </23 '2) = AT v ( v l  '~) = t-~- t--~2N D u s U~ 

t + 2 N  D uS /J 

t -]- 4N D <w,~> \ 
t+2No 

<p'v/) = 1/3~0 (1 --  p) u6xi, <p'w/> = (t - -  p) (l + V3) uS~; 

The mean values  of the products  of the components  v '  and w '  along the different axes  a re  equal to 
zero ,  in view of the axial  s y m m e t r y  of the pseudo- turbulen t  motion. 

The dependences of the quanti t ies in (2.4) on p have the same  c h a r a c t e r  as  the dependences {w12), 
but the i r  max imal  values  a re  cons iderably  less .  In the approximat ion ND ~ 0, the ra t io  Nv = 1/a , i .e . ,  Jthe 
an iso t ropy  of the pulsat ions of the liquid is  much m o r e  weakly e x p r e s s e d  than the an iso t ropy  of the pu l sa -  
t ions of the pa r t i c l e s .  

Let  us evaluate the degree  of ag reemen t  of the re la t ionships  obtained with known exper imenta l  r e -  
suits .  A la rge  amount of data on the pulsat ions  of a liquid and, in pa r t i cu la r ,  of pa r t i c l e s ,  has  been ob- 
tained in expe r imen t s  with fiuidized beds. However ,  unfortunately,  the data known to the p r e sen t  author,  
with r e spec t  to local  pulsat ions  of ve ry  smal l  pa r t i c l e s ,  for  which R < l ,  a re  v e r y  l imi ted  and incomplete ,  
and do not in sp i re  any special  amount of confidence; this  is  obviously due to the grea t  expe r imen ta l  diffi- 
cul t ies .  The min imal  s izes  of pa r t i c l e s  whose longitudinal pulsat ions  have been inves t iga ted  m o r e  or  l e s s  
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re l i ab ly  (although still with a la rge  s ta t i s t i ca l  sca t ter )  co r r e spond  to values  of R ~ 10O and higher;  in view 
of this ,  re la t ionships  obtained at R< 1 cannot, of course ,  be cons idered  re l iable .  If  we calcula te  the value 
of (wlr2) using such re la t ionships ,  we obtain values  which a re  1.5-2 t imes  higher than those de te rmined  
exper imenta l ly .  Such a compar i son  has  been made,  for  example ,  with the data of A. K. Bondareva,  given 
in [5], on the air fluidization of particles of sand with mean diameters of i00, 153, and 233 p. From a 
qualitative point of view, the high values of (wi'2), calculated in accordance with (2.3), are in the present 
case completely explainable. Actually, in accordance with (2.3), the value of (wi'2) is proportional, roughly 
speaking, to 12, where Z is determined in (2.2). However, the latter quantity drops rather rapidly with a 
rise in R; this is explained by the substantial weakening of the depeadence of K on p with an increase of R 
[5, 6]. The general character of the dependence of the mean values of the quantities in (2.3), (2.4) on the 
concentration p is completely confirmed experimentally. To ensure a qualitative verification of the the- 
ory developed with experimental data, we consider below the effect of a lowering of the hydraulic resis- 
tance of a fiuidized bed, compared to the resistance of a fixed granular bed of the same particles, and of 
the same porosity (a detailed discussion of the origin of this effect is given in [2]). The number of inves- 
tigations devoted to determination of the effective resistance of a iluidized bed at small values of R is very 
large, and, in contrast to the results of experiments on determination of the pulsations, their results are 
in rather good agreement with one another (see, for example, the review in [5]). 

In accordance with [2] we have (the asterisk denotes the value of K for a fluidized bed) 

K* (p) ~-- (k~/~) K (p), K~* (p) ---- (k~/k~) K, (p) (2.5) 

K* is  connected with Ke* in the same  way as K with Ke (i.e.,  using the formula  (1.5)). The values  of k k and 
Xu are  e x p r e s s e d  in t e r m s  of K, using the re la t ionships  

X~--~ t - - ( p [ l  2 (t--p)2 d~K ] ~ (2.6) 
2K dp~ j ,  ~u ~ i 3 

The r e su l t s  of a calculat ion of the value of K*, c a r r i e d  out in accordance  with fo rmulas  (2.5) and 
(2.6) in the region 0.2 <p <0.6, a r e  given in Fig. 3 (curve 1). The value of K used co r responded  to e x p r e s -  
sion (1.6) for  Ke; this value of K is  shown by the dotted line in Fig. 3. Fo r  pu rposes  of compar i son ,  use 
was made of the empi r i ca l  dependences of Richardson and Zaki [6, 7] and of Goroshko,  Rozenbaum, and 
Todes [5], descr ib ing  the hydraulic  r e s i s t a n c e  of a fluidized bed at smal l  values  of R, and obtained byana l -  
ys i s  of a l a rge  number  of exper imenta l  data. Both of these  dependences have the fo rm 

K,* = (1 -- p) -~ (2.7) 

he re  n=4.65 in the f i r s t  case ,  and n=4.75 in the second. F igure  3 gives Curve 2 for  K*, ca lcula ted  f rom 
(2.7) in accordance  with (1.5) at n =4.7. We note that  dependences of the type of (2.7) have been p roposed  
a lso  in s e v e r a l  o ther  a r t i c l es ,  in p a r t i c u l a r  in [8], where  a value o f n = 4 . 6 5  was a lso  obtained. As i s  ev i -  
dent f r o m  Fig. 3, the ag reemen t  between the dependences 1 and 2 for  K* is  comple te ly  sa t i s fac to ry ,  which 
p e r m i t s  speaking not only of the quali tat ive,  but also,  to a cer ta in  degree,  of the quantitat ive adequacy of 
the theory  developed. 
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